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ABSTRACT

We establish a simple analytical technique for generating lognormal paths in reverse, i.e.,
we show how to propagate a terminal price distribution backwards in time one step at a time
to the initial value while satisfying all cross-sectional and time series requirements. We extend
this technique to the Ornstein-Uhlenbeck process. General processes are tackled using either
subordination or time-reversed Itd diffusion, and the time-reversed CIR process is worked out.
This proves useful in dealing with complex path-dependent options with American triggers,
where storing the history of the underlying can overwhelm system memory rapidly whenever a
very large number of paths, a very long holding period, or a very fine time scale are called for.
This “just-in-time method,” which can be thought of as stochastic involution, extends the reach

and accuracy of Monte Carlo techniques beyond what has hitherto been possible.
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Introduction

The extension of Monte Carlo pricing methods to American options by Longstaff and Schwartz
(2001) has greatly simplified the pricing of complex path-dependent options with early exercise
features. Given the widespread use of such options in “all major financial markets including the
equity, commodity, foreign exchange, insurance, energy, sovereign, agency, municipal, mortgage,
credit, real estate, convertible, swap, and emerging markets (ibid.),” and the ease with which general
stochastic processes can be accommodated, the least squares Monte Carlo (LSM) method has been

rapidly adopted by practitioners and academics alike.

A practical difficulty that arises in applications of the LSM method is the need for storing the un-
derlying price process. For example, a one-year vanilla American put option evaluated with 50 time
steps (early exercise dates) and 100,000 paths requires at least 40 megabytes (MB) of RAM, while a
thirty-year interest rate product evaluated with a weekly time step and a million paths requires more
than 12 gigabytes (GB) of storage, putting it quite beyond the realm of any 32-bit operating system.
By contrast, the binomial method of Cox, Ross, and Rubinstein (1997) requires a mere 408 bytes to
store the 51 terminal price points for the vanilla put of our example. Earlier price points required for
the backward pricing algorithm can be generated on the fly, and require even less by way of storage.
This “just-in-time” feature of the CRR algorithm is key to its low storage requirements and invites

imitation.

'The usefulness of just-in-time Monte Carlo can be bought out by an example. A popular style of investment in
private equity markets is structured thus: An investment house provides a sum of capital to a publicly traded company.
In return, it is allowed to purchase, at a time of its choosing, a variable number of shares at an average price. The average
price is computed over, say, a 30-day moving window. Additional triggers might apply. For example, the average price
can be the smaller of the moving window average and the smallest 10-day average within the moving window, or the
smallest of the moving window average and the average of the first 3 trading days and the last 3 trading days of the
window. In principle, the LSM algorithm easily deals with the complex American triggers built into this option. In
practice, the algorithm needs a large number of paths in order to compute conditional expectations correctly from cross-
sectional data. In addition, these private equity options can be very long-lived, lasting up to 14 years. Some can even
be perpetuities. Accurate simulation of the option value again requires a large number of paths, possibly as many as a
million. Storing a million paths with a daily time step over 14 years is not feasible (= 28 GB). However, since at any
time all one needs is the price history for the last 30 days, the just-in-time method makes it possible to simulate the
American option value accurately by allowing for the use of a very large number of paths, even a million (Z 240 MB).
It should be noted that the just-in-time method provides no particular advantage in those cases where the entire history



Computational efficiency is not the only or even the most important reason for seeking to gener-
ate stochastic processes in reverse. Very few price processes of interest to financial economists can
be generated (integrated) exactly. The Wiener and Ornstein-Uhlenbeck processes can be generated
without approximation, but the Cox-Ingersoll-Ross process, of central importance in pricing fixed
income products, can only be generated by approximations like the stochastic Euler scheme. This
necessarily introduces errors of a non-statistical character in Monte Carlo simulations of option val-
ues. Furthermore, these errors compound into the future, where the value of any option, by its very
nature as a bet on the future, resides. Yet, in many cases of interest, an analytical expression for the
transition density exists, so that the final distribution of the process can, in fact, be generated with
no errors other than sample size effects. If one could use the final distribution as the input and work
out the underlying stochastic process backwards as one prices the option, three desirable objectives
would be achieved: (i) the backward option pricing algorithm would be married to a backward price
process algorithm; (ii) storage requirements would be greatly reduced, and (iii) statistical and sys-
tematic errors would be ameliorated by the ability to “turn on the tap” for the number of paths used

in Monte Carlo simulations. This work shows how to achieve these objectives.

To this end, we first show in Section I A that the Wiener process (and thus the lognormal price
process) is easily generated in reverse.? Section I B extends our technique to the Ornstein-Uhlenbeck
process by expressing it as a subordinated Wiener process with a deterministic driving process.
Section II takes up the important question of whether more general stochastic processes like the
Cox-Ingersoll-Ross process can be reversed. We first discuss, in Section Il A, the possibility of
achieving reversal as in the case of the Ornstein-Uhlenbeck process, but with the use of a stochastic
driving process. Theoretical and practical difficulties inherent in this approach are examined, and it
is shown that, as a purely practical matter, the use of pseudo-random numbers in digital simulations
provides a very simple technique for generating many processes in reverse. A different approach—

the theory of time-reversed It6 diffusions—is used to obtain a diffusion equation for the reverse CIR

of the price path is required.
ZNeedless to say, this cannot be done by the naive expedient of sampling a return distribution of volatility /no at
time step n, et cetera. The resulting process would not be Brownian.



process in Section II B. Section III takes up examples, applications and numerical issues. Section IV

concludes this work.



I. Gaussian Processes

A. The Wiener Process

It 1s useful to recall the simple method by which Brownian motion is generated in discrete time.
Let Zy, Z, Z3, . . . be mutually independent and identical Gaussian random variables, Z; ~ N (0, 1).
Further, let zy, z5, z3, . . . be independent draws from Zi, Z,, Z3, ... We can construct a sample path

w of the Brownian process W, according to
I/‘f/o(w) =0, I;‘71(60) =z, I;172(60) =z1 + 2o, I;173(60) =z1+z2+z3, ...

The collection of all possible paths can be defined recursively by

Wo=0 Wi=Wi1+2z,i=1273,... ey

As defined in (1), the stochastic process W, is a discrete Wiener process because it satisfies (i)
Wo = 0, (i1) I/T/j — W, ~ N(0,j —i),forall 0 <i < j, and (iii) non-overlapping increments are
independent, i.e., foralli < j < k, Wi — W, and Wj — W, are independent. A fourth property,
that of continuity, is meaningful only in continuous time.> These four properties are necessary and

sufficient for a stochastic process to be a Wiener process.

The link between a Wiener process and a lognormal price process with initial price Sy, volatility

o, drift p, and time step At is given by

S; = Sp x B0 /2)Arxi AW iy 5 3 (2a)

3Continuity can be inferred in the appropriate limit from the recursive construction of W; from W_;. The limit is

effected with use of the self-similar scaling property +/ AtW; 4 Warxi.



or, equivalently, by
S, = So x (W01t 5 oWy =123, ... (2b)

where we have used the scaling property VAt VT/, 4 VT/Atxi, and t; = At x i. Note that the first
factor on the RHS of (2) is the initial stock price Sy, the second factor is a deterministic boost, and
the final factor is an exponentiated Wiener process. Any lognormal price process can be generated
in this way once the appropriate Wiener process is in hand. Since it suffices to deal with the Wiener

process we shall work directly with W; in what follows.

A key property of a Wiener process is the unit increase in cross-sectional variance as we advance
one unit in time step i. The reason for this can be seen in the iterative definition of I;Iv/, in (1): VT/i_l
and Z; enter into the expression for 15[7, with equal weights, W,-_l ~ N(,i —1),z; ~ N(0,1), and
WFI and Z; are independent and, therefore, uncorrelated. The variance of their sum must equal the
sum of their variances. Hence, W; ~ N (0,7). This motivates us to look for a similar construction,
but with weights chosen so that the resulting random variable has an appropriately lower variance,
allowing for the interpretation that one is now moving in reverse. Thus, let X ~N 0,7), x ~
N (0, 1) be independent Gaussian random variables, and let Y =aX +b%. Y is obviously a mean
zero Gaussian random variable. We look for weights a, b such that the variance of Y is reduced by
l,soY ~ N(0,i — 1). It is straightforward to show that Y = (1- l/z'))? + mi works.

We formalize this simple intuition in

Definition 1. For any positive integer n, let W, be a Gaussian random variable such that W,, ~

N (0, n). Define Wo, Wl, el I/T/,,_l by the backward recursion

~ 1\ ~ / 1
I/I/I—IE(I__)I/I/I—i_ l—ffi,i=1,2,...,l’l (3)
1 1

where Z1, Z,, . . ., Z, are Gaussian random variables such that Z; ~ N(0,1), and Z1,Z,, ..., Zy, Wy

are mutually independent.



Proposition 1. Foreveryi = 0,1,...,n the random variable I;f/, defined by the backward recursion
in (3) is Gaussian and satisfies

W; ~ N(0,1). 4)

Proof. All proofs are placed in Appendix A.

Remark. Eqn. (3) sets up a backward recursion for the random variables WO, Wl, Wz, e Wn_l
starting from W, ~ N (0, n), where n is any positive integer. We first compute W,_, from W, ~

N(0,n) and Z, ~ N (0, 1) to get

~ 1\ ~ / 1
Wn—lz(l__)Wn+ 1__2n’
n n

W, and Z, being independent. Next, we compute Wi_s using W,_, from the expression above and

En—l ~ N(Ov 1)
1
n—1

Zn—l»

~ 1 ~
Wn—zz(l_n_l)Wn—l+ 1 —

with W, %, and Z,_ being mutually independent. The iteration ends at W, which is easily seen to
be 0. Note that while n can be any positive integer, the backward recursion constructs W; relative
to the choice of the terminal time step n. Zy, 25, ..., Z,, VT/,, are chosen to be mutually independent
Gaussian random variables, which implies, for example, that 15[7, and Z; are independent for all

i = 1,2,3,...,n, but that W3 and Wg are not independent since Wg can be written as a linear

combination of the random variables Z4, Zs, . . ., Zg and Wj.

Proposition 2. The stochastic process Wo, Wl, e Wn defined by the backward recursion in (3) is

a discrete Wiener process. In particular, it satisfies:
(i) WO = 0. the process starts at 0.

(ii) 17[71 — I;IV/, ~ N(,j—1i), forall0 < i < j < n: all marginals are normally distributed with

mean zero and variance equal to the time difference between the relevant epochs.

(iii) cov(ﬁ/k — I;f/}, ﬁ/j — VT/,) =0, foralli < j < k =< n: all non-overlapping increments are
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Figure 1. Wiener process: Two paths (1 + 1 antithetic) generated backwards by the just-in-time
method. Inclusion of the antithetic path in Monte Carlo simulations is customary to ensure that the
cross-sectional means of the simulated Wiener process be zero in sample.

independent.

We shall refer to the backward recursion algorithm for a Wiener process as the “just-in-time”
method. Figure 1 displays the results from simulating a path and its antithetic complement back-

wards using the just-in-time method.

Remark. For the relationship between the backward recursion procedure in (3) and a Brownian
bridge, see the remarks following upon eqn. (19) in Section IIB. We apply the method outlined
above in Section IIT A to value a deep-out-of-the-money American put, and show that the LSM
method can lead to overestimation of the option value despite the fact that the LSM method neces-
sarily uses a suboptimal stopping rule. The ability to generate a very large number of paths by the

just-in-time method proves crucial in resolving this anomaly.



B. The Ornstein-Uhlenbeck Process

The Ornstein-Uhlenbeck (OU) process
dft:—l((;t—e)dl—i_o'dﬁ)t, 70:}’() (5)

with k > 0 is a mean-reverting process used originally in Vasicek (1977) to model the equilibrium
short rate. The OU process also finds use in modeling commodity prices and other economic vari-
ables that tend to fluctuate around a long term mean (e.g., Dixit and Pindyck 1994). 7, can be solved
for explicitly by making the transformation y, = e*' (7, — 0) to get the simple SDE dy, = e*'d;,
leading to

Fr=roe " +0(1—e ) +oe ™ fot e dibg. (6)

7; is seen to be a normally distributed random variable. The unconditional mean jt, and variance o2

of 7; can be computed from (6) with use of the elementary identity

E |:/ g(s)dwy x/ h(s)du?sj| :/ g(s)h(s)ds (7)
0 0 0
to get
wr =roe "+ 0(1 —e "), o= i(1 — 7). (8)
IR

It is easily seen from (8) that u, — 6 and 67 — 0%/2k as ¢ — oo: in the asymptotic limit, the
OU process becomes a constant variance Gaussian process fluctuating about its long term mean
of 6. The rate at which the asymptotic limit is approached is controlled by the “spring constant”

parameter k.

It proves convenient to rewrite (6) in terms of a time-changed Wiener process thus:



oy A s t ~ . . . .
Proposition 3. The It6 integral fo e“Sdwy is a time-changed Wiener process according to

2/<t_1

t
~ e
“Sdwg = Weiry, )= —. 9
/0 e Wy (t) T() 2k ( )

Note that t(0) = 0, and that t(¢) is a monotonically increasing function of ¢. Eqn. (9) allows us to
rewrite 7; as

Foo=roe ™ + 0(1 — e ™) + e ™ Wy, (10)

Consider, now, the problem of generating the OU process in reverse. We see from the RHS of (10)
that the first two terms of 7, constitute a deterministic shift, while the third term is proportional to

a Wiener process at time t(¢). Given that we wish to generate 7; in reverse at times 0 < #; < t, <

~

-+ < ty, we only need to generate WO, VT/TI, Wtz, oL W

n

in reverse, t; = t(;), 7o = tp = 0. This
we can do by generalizing the unit-time-step backward recursion defined in (3) to arbitrary time

steps.

Definition 2. Let 0 < 11 < 175 < -+ < T,, and let 21,25, ..., Z,, th be mutually independent

Gaussian random variables normed by Z1,Z,,...,Zz, ~ N(0,1), and W,n ~ N(0,t,). Define

~ ~

WOaWﬂ;W‘Eza'-'ﬂw

Tn—1

by the backward recursion

Tj

~ Tiq1 ~ Ti_
W, = 1W,,.Jr\/’ Lx(i—ti) 5 i=12,...,n. (11)

Remark. We can recover the unit-time-step backward recursion (3) from the general expression in
(11) above by setting 7; = i. Given W,n ~ N(0, t,), we first compute an—l from the prescription
above, next th_z from W,n_ , and so on until we reach Wy = 0. The recursive construction is vital
to creating a Wiener process, for it embeds the requirement of continuity in the limit of infinitesimal
time step. To appreciate this, consider the process X, = /1%, where the mutually independent
random variables Z; are normed by N (0, 1) for all 7. X, is distributed as N (0, ¢) for all ¢, but is not
a Wiener process. The non-recursive construction of X ; fails to ensure continuity in the limit, so X ¢

fails to satisty the self-similar properties of Brownian motion.
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Figure 2. Ornstein-Uhlenbeck process: Two paths (1 + 1 antithetic) over 100 time steps generated
backwards by the just-in-time method for the parameter set ro = —0.5,0 = 0.25,k = 1,0 = 0.3.
Note the movement toward the long term mean 6 = (.25.

Proposition 4. The stochastic process Wo. W,l, WQ, ey th, defined by the backward recursion

in (11) is a discrete Wiener process. In particular, it satisfies:
(i) Wo = 0. the process starts at Q.

(ii) Wtj — W,l. ~ N(0, 75 —1;), forall 0 < i < j < n: all marginals are Gaussian random variables

with mean zero and variance equal to the time difference between the relevant epochs.

(iii) cov(ﬁ/,k — W,j, VT/,]. — I;f/,l.) =0, foralli < j < k < n: all non-overlapping increments are

independent.

Figure 2 displays an OU path and its antithetic complement generated backwards by the just-in-time

method.

10



I1. General Processes

A. Subordinated Processes

The treatment of the Ornstein-Uhlenbeck process in the preceding section indicates one possible
way in which an arbitrary price process may be generated in reverse. It is well known that the
log of any price process must be a semi-martingale in order to satisfy the “no arbitrage” requirement
(Delbaen and Schachermayer 1994), and also that any semi-martingale can be expressed as a Wiener
process evaluated at a stochastic clock time () (Monroe 1978), where ¢ is the calendar time. The
OU process is a simple example of a subordinated Wiener process, with, in this case, a deterministic
directing process 7(¢) given in (9).* More generally, if At represents the ticking of the calendar
clock, Az (¢) will be drawn from a positive-valued distribution, and will proxy the evolution of eco-
nomic time.”> The rationale for this view is expressed compellingly in Clark (1973): “The different
evolution of price series on different days is due to the fact that information is available to traders at
a varying rate. On days when no new information is available, trading is slow, and the price process
evolves slowly. On days when new information violates old expectations, trading is brisk, and the

price process evolves much faster.”

Our scheme for reversing the price process as in the Ornstein-Uhlenbeck case in the preceding
section requires that we work out a method for inverting the directing process. It appears likely that
this would entail explicit use of conditional distributions, an eventuality we were able to avoid in

reversing the Wiener and Ornstein-Uhlenbeck processes.

“If a process can be written as ¥; = Xy(;), where X, u > 0 is any stochastic process and 7(¢) is an increasing
process with non-negative, homogeneous and independent increments, Y; is said to be subordinated to the process X,
and 7(¢) is called the directing process (Feller 1984), or the subordinator. X, and 7(¢) are taken to be independent
processes. t(¢) is variously called the business time, economic time, or transaction time in the finance literature.

3See the seminal papers by (i) Mandelbrot (1963), who models variations in cotton futures prices as an a-stable
distribution with infinite variance, and (ii) Clark (1973), who examines the same variation in cotton futures prices
as a finite-variance subordinated process. Mandelbrot’s use of an «-stable distribution to model price increments is
equivalent to the use of an 7 -stable subordinator, although he does not take this point of view.

11



Example. Let 1 = 0,1,2,... be the calendar clock (At = 1), and let the increments 7, of the
directing process N; be drawn from a Poisson distribution with an arrival rate of A per unit time. N;
is a Poisson random walk, with N; = N,y +n,,t = 1,2,3,..., where n, is independent of N;_,

and

)\i _)L(t_l)[k(t - 1)]m

P{n,:i}:e‘kﬁ, P{N,_,=m}=e — . im=0,1,2,...

If along some path we realize the value n at epoch 7, we may infer that N;_y = n —1i and n;, =i,
i =0,1,2,...,n. In order to recede by one step we would have to draw from the distribution of 7,

conditioned on the fact that N; = n, and subtract the draw from #. It is easily shown that

P{Nt—l =n—i,n, = l}
Z?:OP{Nt_I = I’l—i,nt = l}’

n\[t—1]"" .
=, ) ., i=0,1,2,....n (12)

l

P{TL, :llN[ :n} =

where we have used the independence of N,_; and n,. Now, given a sample of N, ~ Poisson(A?)
at epoch ¢, we would reverse each realization one step by drawing from the appropriate conditional
distribution of 7, and subtracting the draw. This would be computationally expensive without access
to a vector processor. By contrast, the forward generation process involves only independent Poisson

random variables and can therefore be accomplished in “one fell swoop.”

The example above is relevant to a model considered in Geman, Madan, and Yor (2001), wherein
the log price process is the difference of independent up and down moves distributed identically as
compound Poisson processes with reflected normal shocks. In this particular model, the log price
process may be written as log(p;/po) = cWn(), N(t) = Ni(t) + Na(t), where Ni(t), Na(¢)
are independent and identical simple Poisson processes with arrival rate A per unit time. Since
Poisson distributions are closed under convolution, N () is also a Poisson process, with arrival rate

2 per unit time, and we can use the conditional distribution in (12) to generate the log price process

12



in reverse. In general, we must be prepared to reverse subordinators from the class of infinitely
divisible distributions. Geman, Madan, and Yor (2001), Geman (2002), Carr, Geman, Madan, and
Yor (2003) provide many examples of such subordinators,® with conditional distributions that are
costly to compute. This raises the question of whether it is practical to reverse a price process

through its subordinator.

It turns out that there is a simple trick by which we can invert any stochastic process that is
made up of independent and homogeneous increments. Some processes with non-homogeneous
increments such as the Cox-Ingersoll-Ross (CIR) process can also be generated in reverse by this
technique. Recall that the random numbers generated in a digital simulation are, in fact, pseudo-
random, i.e., they can be regenerated in exact sequence if the initial seed is known. The trick is to
first generate the process forward and to store only the seed at each time step. Having arrived at
the final distribution, we then use the stored seeds to generate the process in reverse. The storage
required depends only on the number of time steps, and not on the number of paths generated, which
effectively decouples the number of paths from the number of time steps. The storage required for a
single seed is 2 bytes, so a thousand steps require a mere 2 KB of seed storage, no matter how many

paths are generated.

Example. Consider the lognormal-normal process in Clark (1973). The increments At (¢) of the

subordinator are distributed lognormally

2
Ar(t) ~ _M], X >0,

1
————exp
2w o1x [ 207

The related and important question of the correct proxy for the economic clock is examined in a number of works.
Karpoff (1987) is an early survey of the relationship between trading volume and price changes. Jones, Kaul, and Lipson
(1994) argue that price changes are driven by the number of trades and “not their size.” Ané and Geman (2000) concur
that the cumulated number of trades is the better proxy, volume having negligible explanatory power when conditioned
on the number of trades. In this interesting paper, Ané and Geman (2000) study high frequency returns of Cisco and
Intel stock. The subordinator is proxied by the cumulated number of trades, and modeled by its first four moments.
Given the remarkable fit to normality of Cisco and Intel returns consequent upon subordination, the work of Ané and
Geman (2000) suggests that high frequency asset price dynamics is credibly viewed as a subordinated Wiener process
with cumulated number of trades as the subordinator.

13



Y(t)

t (time steps)

Figure 3. Two paths for the lognormal-normal process in Clark (1973) generated by the forward-
backward method over ten time steps. Dots represent forward generation and circles backward
generation. Paths have been connected for ease of viewing. The parameters correspond to © = 1,
op=1,0,=1,and At = 1.

and the log price process increments AY (¢) are given by

AY (1) = VAT(1) Z(1),

where Z(t) ~ N(0,05), so that

1 o0 2 1 — )2
AY(t) ~ / v 2 exp |:_y_2:| exp [—M] dv, —o0 <y <oo.
27'[0'10'2 0 21)0'2 201

The expression above is analytically intractable, and we would be hard-pressed to reverse the
process using conditional distributions at every step. Instead, we do the following—Forward: (1)

Store the current seed. (2) Draw, say, one million numbers from a lognormal distribution with

14



parameters © and o;. This is a fast operation in Matlab, taking only about 0.313 seconds for a mil-
lion draws from a lognormal distribution on a 2.8 GHz Xeon running Matlab in interpreted mode.
Compiled code would be faster. (3) Store the seed again, and (4) draw one million numbers from
N(0,03) (0.047 seconds). (5) Compute AY (i) = \/T(l) Z(i). (6) Add to the preceding value
Y (i —1). (7) Repeat for 100, or 1000, or 10,000 time steps, as desired. Note that only the new cross-
sectional distribution at each time step is saved, not the history of the process. There are two seed
processes in this example, one for Az (¢) and one for Z(¢). Reverse: Use the saved seeds in reverse
order to generate the preceding increment, and subtract from the current cross-sectional distribution
at each step. These are fast and simple operations. The Longstaff-Schwartz LSM pricing algorithm
is easily inserted into the reverse generation algorithm. Figure 3 displays two paths generated by the

forward-backward algorithm for the lognormal-normal subordinated process in Clark (1973).

Remark. The forward-backward technique will reverse only the final distribution generated by the
forward process and no other. If the increments are not time-homogeneous, as happens in the CIR
process, the reverse process requires us to solve for the values of the process one step before. In
the case of the CIR process this is a simple quadratic equation with all solutions lying on a single
branch. The reversion is therefore easily accomplished. A more complicated SDE can require
solving a transcendental equation at every time step going backwards. This is neither practical nor
desirable, nor do we recommend it. A more elegant method exists in the case of Itd diffusions, as

the next section shows.

B. Time-Reversed Ito Diffusion

We turn, now, to a technique that appears to have attracted little attention in the finance literature—the
time-reversal of 1t diffusion. The problem arises naturally in the quantum theory of measurement
(Schrodinger 1931), in signal processing (Ljung and Kailath 1976), and in population diffusion mod-
els (Nagasawa 1980). We state a version of the result which applies to one-dimensional nonlinear

diffusions:

15



Theorem. (Anderson 1982, Haussmann and Pardoux 1986): If {X; : 0 < ¢t < T} is a diffusion

process’ in R! such that X, is a strong solution of
dX[ :M(I’Xt)d[_'_o—(thI)dwl’ XO = Xo,

where w; is a 1-dimensional Wiener process in R, then the time-reversed process X; = Xr_; is

also Markov, and is a weak solution of

dX, = ji(t, X,)dt + 6 (t, X,)dw,, Xo = Xr, (13a)

where W, is a 1-dimensional Wiener process in R' which is independent of Xo = X, with

dx [0X(T = t,%)p,_, (x)]
Pr (¥)

at,x)=—u(T —t,x)+ , (13b)

o(t,x)=0(T —t,x), (13¢)

and where p,(x) is the law of X, at time t.

Note that p,(x) will depend on the initial condition X, = x,. These equations are best explicated

with a simple example.

Example. We shall use the time-reversal theorem above to solve for the backward Wiener process
treated in Section I. We note that the results presented in Section I were obtained by the simple
considerations contained therein and not from the analysis which now follows. The SDE for a
Wiener process is dX; = dw;, Xo = 0, and its transition density relative to the initial condition is

pi(x) = e_xz/z’/«/Znt. Using u = 0, 0 = 1 and applying eqns. (13) we get for the time-reversed

7See Haussmann and Pardoux (1986) for the d-dimensional version of this result, and for technical restrictions on
the coefficients 1 : [0, 7] x R — R¢, and o : [0, T] x RY — RY ® R’ of the process X; and its law p;(x) when w; is
an /-dimensional Wiener process in R’
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process X,

_ X _
dX, = —— ttdt—l—du'),, Xo=w,. (14)

Note that w,. is independent of w, in (14). To recover the result in Proposition 4, define a new

process Y; = X, /(T —t),0 <t < T, so that dY; = dw, /(T —t), and

t d—
n=m+/ Ws
0

T —s

Xo
= 7 + We(r), (15)

where X, o = Xr = w,,Ww,, r > 0, is another Wiener process, independent of w., (see the proof of

Proposition 3) and

t
=——, 0=<t<T. 16
T(T —1) (16)

@(1)

Combining the definition of Y; above with (15) and (16) we get

— T—1 - N
Xi = T Xo + (T = )y (),

- 7 T

tZ, a7

where Wy ~ N (0, ¢(1)) 4 Vo(t) Z, with Z ~ N(0, 1), and Xy = X7, Z mutually independent.

Finally, since X; = YT_t, 0<t<T,weget

T —t T —1t
Xr_; = T Xr + Tl Z. (18)

Eqn. (18) is essentially identical to the backward recursion in (11). Since ¢ is arbitrary except in that
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0 <t < T, we can make the substitution t — 7" — ¢ to rewrite (18) in the more familiar form

Xo=Lxr+ LT -0z (19)
t—TT T s

and use it recursively going backwards.

Remark. A Brownian bridge (Karatzas and Shreve 1996, pp. 358-360) is defined as

h—X
dX,:T ltdt—l—dw,, 0<t<T, Xo=a,

and can be thought of as Brownian motion conditioned to start at Xo = a and end at X7 = b. The
SDE of a Brownian bridge differs from the time-reversed SDE of a Wiener process in (14) in that
a and b represent single points. If we set the final point b to 0 and allow the initial value a to vary
over w,., we arrive at the time-reversed process in (14). In this sense, the time-reversal of a Wiener

process is a Brownian bridge.

We take up the non-trivial example of the time-reversed Cox-Ingersoll-Ross process in the next

section.
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III. Applications

The ability to generate a stochastic process in reverse decouples the number of paths from the num-
ber of time steps in Monte Carlo simulations. This proves valuable in many ways. First, it can reduce
storage requirements dramatically: memory management is an exponentially more expensive affair,
so even when one has the luxury of unlimited memory a small memory footprint is to be preferred.
In addition, the ability to increase the number of paths used in Monte Carlo simulations can be es-
sential for accurate estimation of option values and hedging requirements close to complex barriers,
and near expiration. Options written on baskets of assets require multifactor simulations, which can
quickly become infeasible if a large number of paths is desired. String models (Santa-Clara and
Sornette 2001) for interest rates, for example, can require as many as 20 independent factors. Or
consider a continuously (de)activating FX corridor option, as in Geman (2001). Unlike an equity
corridor option which is priced using daily settlements, the FX option can activate or deactivate at
any time. Geman (ibid.) provides an analytical technique using a lognormal process for the under-
lying. This, although useful, ignores the fact that on small time scales like a few minutes, the FX
process is not lognormal at all but likely a subordinated process. The just-in-time method is ideally
suited to exploring the value of options on very fine time scales. These and other studies will be
presented in a subsequent work. In what follows, we consider two applications that illustrate use of

the just-in-time method and of time-reversed It6 diffusion.

A. Deep-Out-Of-The-Money American Put

We use the power of the just-in-time method to highlight a property of the Longstaff-Schwartz LSM
pricing technique that is not, perhaps, sufficiently appreciated—that it is possible to overestimate an
option’s value in certain circumstances despite the fact that the LSM method necessarily uses a sub-
optimal stopping rule. We use the familiar American put on a non-dividend paying stock to illustrate

this point.
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To recapitulate, the central difficulty in calculating the value of any option which allows for
early exercise is to compute its continuation value at times prior to expiration. Optimal exercise
consists of comparing the continuation value with the value of immediate exercise and following the
more profitable course. At any time prior to expiration there is, therefore, a value of the underlying
below which (for a put) early exercise is optimal, and there is a unique early exercise policy which
optimizes the value of the option. Any other policy is sub-optimal (e.g., Duffie 1996, pp. 172-78),
unless one has inadvertently built some degree of foresight into the early exercise policy (stopping

rule) in a simulation.

To see how this can happen, consider the LSM method for calculating an option’s continuation
value. At any time prior to expiration, we regress the value of the underlying for in-the-money
paths alone against future payoffs on these paths. It can be shown (Carriere 1996, Longstaff and
Schwartz 2001) that in the limit as the number of paths goes to infinity and the time step goes to
zero, the regression correctly calculates the continuation value of the option conditional on the value
of the underlying and the time to expiration.® The key to correct implementation of the LSM method
lies in this stepwise regression, which, in turn, depends on (i) the functional relationship posited
between the underlying and future payoffs in the regression model, and (ii) the number of in-the-
money paths upon which the continuation value is estimated. It is here that one can go wrong, either
by using too many basis functions in an attempt to capture the convexity of the option’s continuation
value (overfitting), or, more subtly, by failing to realize that when one hits a patch where there are

only a few in-the-money paths, the regression can bias an option’s value upward.

The first danger, that of overfitting, can be avoided by examining the regression at a few, or even
every, time step: oscillations in the fitted curve would indicate the need for reducing the number
of basis functions or the degree of the polynomial used in the regression. An oscillatory fit would
indicate that one has built foresight into the simulation stopping rule—instead of basing early exercise

decisions on the average of future payoffs, the simulation stopping rule “knows” that on particular

8Note that the regression provides the option’s continuation value at each time step conditional on the value of the
underlying and the time-to-expiration, not the option value itself. The option value is computed from the early exercise
boundary value implied at each time step.
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Figure 4. Valuation of a deep-out-of-the-money put as a function of path count using the Longstaff-
Schwartz LSM method for Sy = $100, 0 = 40%, ry = 5%, K = $20, and T = 3 years. The error
bars represent one standard error in the mean. The number of runs is decreased in proportion to the
number of paths used per run.

paths the future is better than the present, even when the present is paying off handsomely. The
second danger is more difficult to guard against since a quadratic regression is the least one can do
in trying to capture an option’s convexity, and a quartic is by no means extravagant. Nonetheless,

this can lead to systematic overestimation of an option’s value.

A deep-out-of-the-money American put illustrates this point. Consider a put on a non-dividend
paying stock with initial price Sy = $100, annualized volatility of returns o = 40%, and a riskfree rate
re=5%. The put’s strike and time-to-expiration are K =$20 and 7" = 3 years. With these parameters,
only about 1.4% of paths are in the money at expiration. The put’s Black-Scholes European value

is 4.84 cents, while a binomial tree calculation (10,000 time steps over 3 years) gives an American
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value of 5.00 cents. We value this put using the Longstaff-Schwartz LSM method with a fourth-order
polynomial least squares regression. Paths are generated backwards by the just-in-time method of
Section I. The time step is one trading day, with 252 trading days in a year. Figure 4 displays the
value of the put as a function of the number of paths used. Two things stand out: First, a relatively
high number of paths, beyond a reasonable memory limit (about 800 MB for Matlab) if all paths are
to be stored, is required to obtain a consistent estimate of the value. Second, there is a systematic
upward bias to the valuation when the number of paths used is low. At first sight this is puzzling since
the American feature is an optimal stopping rule—any departure from the optimal exercise boundary
should underestimate the put value. What is happening, however, is that for low path counts there
are so few in-the-money paths at intermediate times that the basis set is perfectly forecasting future
prices. As we increase the number of paths the systematic upward bias deceases significantly, and
at high path counts (over a million) the LSM method slightly under-estimates the true value, as it

should.

For this relatively simple example, generating paths forward and storing them is still feasible up
to a point. More complex options with multiple factors, complex barriers, many triggers, underlying
values close to barriers, or very long (and very short) times to expiration cannot be handled easily,
if at all, by the usual forward propagation and storage route, nor does one usually have the luxury of
a lattice-based method against which Monte Carlo results can be examined for any systematic bias.
The Monte Carlo method of Longstaff and Schwartz (2001) is simple, intuitive, and flexible. It is
the preferred route for practitioners and even academics as lattice models can be very difficult to
work out, specially when the underlying process is not lognormal, or when two or more underlying
processes are involved. The just-in-time method proves invaluable in these cases to bring Monte

Carlo studies to a satisfactory conclusion.
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B. The Cox-Ingersoll-Ross Process

The Cox-Ingersoll-Ross process
dXt:—K(Xt—e)dt—{—o'\/lthth, X():r() (20)

is an equilibrium interest rate model that is fundamental to the pricing of fixed income products. It
can be shown (e.g., Ikeda and Watanabe 1981) that for x,0 € R and 0 > 0, the CIR process has
a unique strong solution on [0, co) for every Xy, = r¢, and that for vy > 0, & > 0, the solution
X; > 0. Like the Ornstein-Uhlenbeck process in (5), the CIR process is a mean-reverting process
when « > 0, with the desirable property of being non-negative when ry > 0, & > 0. We shall assume
throughout this work that «, 6, and o > 0. The absolute value in (20) can therefore be dropped. The
purpose of this section is to apply the time-reversal theorem to this non-trivial example, to implement
the time-reversed CIR process numerically, and to examine the quality of the sample time-reversed

CIR process thus generated. Code for the implementation is available on request.

The transition density of the CIR process with Xy = ro may be written as (Going-Jaeschke 1998,

Chapt. 3)

2k Mt X v/2 2k 1o + e€ix 4 ext/?
pi(x) = — (— em) exp [— fote x ] I, [ —«/Vox} , (21)
o

ekt —1 \ro 02 ext —1 o2ext —1

where v = 2k6/0? — 1, and I,(+) is a modified Bessel function of the first kind. Defining the time-
reversed process X, =X7r_,,0<t<T,Xy = Xr, we apply the time-reversal theorem in (13) to

get (after some algebra)

dX, = [K()F, —0) + 02 (1 + g)

k(T—t) _ — Iv_ Iv Y. A/
_ ZKQT— {X, _ e T-0/2 % 1) + L ye) }] dt + o+ X dW,, (22)
ek(T—1) _ 1 2[1)(%)
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where W, is a Wiener process independent of X, = X7, and

4k elc(T—t)/Z F
v = o@D _ 1 roXi. (23)

Hint. The calculations required for the time-reversed CIR process are made much simpler by writing

the second term on the right of (13b) as

2 _
0x [0*(T —.5)pr_, (V)] _ s [0X(T —t,x)] 4+ 0*(T —1,x)dx log p,_, (x).
Pr_,(X)

Remark. The numerical behavior of the drift term in (22) can be awkward when ¢t — 7, although
the limit is perfectly well behaved. Indeed, we note from (23) that v, — oo when ¢t — T~. The
asymptotic behavior (Gradshteyn and Ryzhik 1965, p. 962) of a modified Bessel function of the first
kind is given by

L)~ -2 [1+ (l)]
b N2z ¢ z 7

and is seen to be independent of v to leading order, so

I (Ye) + Loy (Yr)
21, ()

— 1,

ast — T, and, therefore (see eqn. (22)),

{_t k(T2 / thv 1(1ﬁ2t)[—|(-wlu+1(‘ﬁt)}_)yt_ [ro X, — 0,

because X; — ro when¢ — T'~. In Matlab simulations with one time step for each trading day (with

252 trading days in a year) over 20 years (5040 time steps), the last three time steps, when X; — ro,
can blow up unless numerical precautions are implemented. The simple expedient of setting the
ratio of Bessel functions above to 1 when the argument v, > 700 rectifies the problem. Note that

this correction is necessarily code and platform dependent, so the expedient must be tailored to one’s
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Figure 5. Two paths (1+1 antithetic) for the CIR process generated backwards by the time-reversal
method over 252 x 20 = 5040 time steps (20 years) using the strong order 1.0 Platen scheme. The
annualized parameters correspond to o = 0.03, 6 = 0.06, k = 0.25,and 0 = 0.11.

circumstances.’

We implement the time-reversed CIR process using the strong order 1.0 Platen scheme (e.g.,
Kloeden 2001) rather than a simple stochastic Euler scheme. Recall that the Platen scheme is an
implicit scheme, and, therefore, derivative-free. This is not essential, but is desirable given the

complexity of the drift term in (22). Even greater numerical accuracy can be obtained by using

9Using the inbuilt Bessel functions in Matlab R13, the ratio of Bessel functions [1,—; (V) + I,+1(¥)]/21, (V)
equals 0.999286 (six significant places) when vy, = 700, but blows up for larger values of ;. The value of v corresponds
to the parameter set used in generating Figure 5 (v &~ 1.47934). Comparison with output from Mathematica 5.1, which
can compute to arbitrary precision, yields 0.999288 (6 significant places) for the same values of v and v/;, indicating
that the Matlab R13 result is accurate to 5 significant places. Mathematica returns 0.999950 (6 significant places) for v
as before, and ¥, = 10*, while Matlab returns NaN. The error introduced by approximating the ratio of Bessel functions
by 1 when v, > 700 is, therefore, very small, and, in any case, swamped by sample size effects. This issue is of no
particular concern if the code is implemented in Mathematica, or if special purpose code is written for modified Bessel
functions of the first kind for use with Matlab. Users of C or C** may wish to keep these considerations in mind.
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the strong order 1.5 Milstein scheme. Details of the Platen scheme are provided in the appendix.

Figure 5 displays two paths generated backwards over 20 years for a typical parameter set.

To illustrate the use of a time-reversed CIR process, we consider the LSM valuation of a bond
with embedded options. Specifically, let this bond be a fully and continuously amortizing 30-year
fixed-rate, fixed-payment mortgage. The homeowner typically holds two American-style options:
(1) the right to prepay the mortgage, i.e., call the mortgage in exchange for the unpaid principal,
and (i1) the right to default on the mortgage, i.e., put the mortgage to the lender in exchange for
the house.!” The prepayment option increases in value as interest rates drop relative to the original
coupon because the borrower can refinance the mortgage at a lower rate. The default option is in-
the-money when house values drop to a point where the owner’s equity is sufficiently negative. '! A
mortgage valuation clearly has the potential for being memory intensive in a forward implementation
of LSM. The natural choice of time-step is monthly, and there are at least two stochastic processes,
viz., interest rate and house price. Practitioners generally use multiple factor term structure models,

which exacerbates the problem further.

Here, we choose the aforementioned single factor CIR process, r;, parameterized as in Pearson
and Sun (1994), and a log-normal house price process, H;, with a fixed drift of 4% and volatility
of 10%.'> Our other parameter choices are governed by the desire to have the options relatively
deep-out-of-the-money (DOTM). This corresponds to the American put considered earlier, where
many simulation paths were needed for accurate valuation of the option. A low initial short rate
of 2% (implying generally rising rates early on) and a prepayment fee of 5% of the outstanding

balance reduces the call option value. While our choice of the initial loan-to-value ratio of 95%

10See Hendershott and van Order (1987) for a review of early work pricing mortgages as risk free debt with embedded
contingent claims. As is customary, we assume that the mortgage is non-recourse, so that the lender is not entitled to
seize other assets of the borrower.

"n principle, the borrower minimizes the mortgage debt by optimally exercising the call or put (“rational” exercise),
subject to the payment of a fee. These fees involve not only financial payments (refinancing or lower credit scores),
but also non-financial costs (effort) and are generally found to be quite large. For an illustration of empirical work
on mortgage pricing see, for example, Stanton (1995). In practice, mortgage values are also affected by “exogenous”
termination, such as relocation, unemployment, efc. Our expositional calculation here ignores such events, though they
may be incorporated using an empirical external hazard.

12In principle, the drift should be given by the risk-free rate, less a maintenance adjusted dividend flow.
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Figure 6. The 1 = 0 value of the prepayment call (down triangle) and default put (up triangle) per
$1,000 of initial loan for the mortgage described in the text, as a function of the number of paths
used in the simulation. The horizontal lines show the respective option values if perfect foresight is
possible along each path.

is quite high, the 30% default cost chosen ensures that the put option is also relatively DOTM. A
positive correlation of 0.7 between the interest rate and house price process also reduces the value
of the default put. The mortgage coupon rate is chosen by iteration as the one that sets the mortgage
market value at ¢ = 0 equal to the initial principal amount.!* Figure 6 shows the value of the
embedded options (per $1,000 of initial loan amount) as a function of Ny, the number of paths
used in the simulation. The processes H; and r; are generated in reverse, using Egs. (3) and (22),

respectively.!* The basis functions used to estimate the expected continuation values is the monomial

3With our parameters, we find a spread of 4.4% over the initial CIR rate, the bulk of which arises from the rising
term structure. Longstaff (2002) has pointed out that the correct exercise decision takes into account the lifetime cost of
refinancing the loan. This requires recomputing the spread on a grid of interest rates and house prices. Here, we have
ignored this issue, and assumed that the spread is embedded in the exercise fees.

“Note that the processes r; and H, are correlated so that the final distributions at # = T are not independent. In
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set with a highest combined power of 3, i.e., {(r /7o) (H/H)’},0 < i+ j < Npuis = 3. Downward
pointing triangles correspond to the prepayment call value, while upward-pointing triangles refer to
the default put value. As in our DOTM American put example, we see that for low path multiplicity
the least squares method overestimates the option value, as inferred from the value at large Npups.
In fact, the horizontal lines in Figure 6 are the expected present value of the embedded options if
the borrower were somehow able to exercise at the maximum present value payoff along each path,
i.e., with “perfect foresight.” Using a low number of paths in the Monte Carlo valuation reproduces
this “perfect foresight” option value because with ten basis functions and very few in-the-money
(ITM) paths, one is no longer computing the expected continuation value in a least squares sense.
The “true” option value is only correctly estimated once the ITM path multiplicity is significantly
larger than the number of degrees of freedom of the basis set. In our simple example, this happens
once Npans exceeds 10,000 for the call, and about 100,000 for the put. For more general multi-
factor interest rate models, a forward least squares implementation with complete storage of all
paths would be constrained by memory management issues, and likely be hard pressed to produce

reliable estimates.

IV. Conclusion

American options valuation by the least squares method of Longstaff and Schwartz (2001) is a
valuable tool for practitioners and academics alike. Its utility lies in the ease with which the LSM
method can accommodate general stochastic processes and complex exercise boundaries. Its limi-
tation arises from the need for storing the underlying process over the lifetime of the option being
evaluated, specially when a very long life, a very fine time step, a complex exercise boundary close to
expiration, or any combination of these properties comes into play. Accurate simulation can require
a high density of paths and a fine time step, leading to storage and memory management require-

ments that can rapidly become infeasible. In this paper, we demonstrate that it is possible to start

practice, we sample Pr(rr, Hr) by generating correlated paths forward without storing intermediate values.
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with the final distribution of the underlying process(es), and to generate prior realizations in reverse
such that all time series requirements are precisely satisfied pathwise: in the “just-in-time” least
squares options valuation method, the state-of-the-world realizations are generated by sampling the
final distribution at expiration, and proceeding in reverse to the initial condition, discarding future

realizations as one proceeds backward when they are no longer needed for the pricing algorithm.

There is a simple reason why stochastic processes can be generated in reverse. Given a price
point of some price process, it is, naturally, impossible to reconstruct the path (history) of the asset—
an infinite number of paths can reach that price point from the past. However, the entire process,
which includes every possible path, can always be reconstructed given sufficient information about
the underlying process and the distribution of prices at some future time, provided that the associated

stochastic differential equation generates a unique solution going forward.

In conclusion, we have successfully married the backward valuation technique required for op-
tion pricing with a backward generation technique for many price processes of interest to financial
economists and practitioners. The just-in-time method, which can be thought of as stochastic invo-
lution, extends the reach and accuracy of Monte Carlo techniques beyond what has hitherto been
possible, and should prove useful to practitioners and academics alike in investigating the proper-
ties of options on very fine time scales, options written on single or multiple assets with complex

American triggers, long-lived options, or any combination of these properties.
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Appendix A. Proofs

The following stipulation holds throughout this work: Zy, Z,, ..., Z,, W, are mutually independent
Gaussian random variables such that Z{, z,,...,Z, ~ N(0, 1), and W,, ~ N(0,n). Also, we make
frequent use of an elementary equivalence: two Gaussian random variables are independent if and
only if they are uncorrelated. This implies that three or more Gaussian random variables are mutually
independent if and only if they are pairwise uncorrelated. Proofs of the independence of Gaussian

random variables will, accordingly, reduce to establishing that their covariance goes to zero.

Proof of Proposition 1. We proceed by backward induction. Assume that for some i < n,
I;Ivfi ~ N(0,7). From the recursion defined in (3) we infer that I;IV/, is a linear polynomial in

~

Zi+1sZi42, .-+ Zn, Wy alone, i.e., W; has no dependence on z;. Therefore, W; and Z; are inde-

~ 1\ ~ 1
VVi—IE(l_T)I/Vi'i‘Vl_TEi
i i

is the sum of two mean zero Gaussian random variables, it is itself a mean zero Gaussian random

pendent. Now, since

variable. Furthermore, since W; and Z; are independent their covariance is zero, so

- 1> | 1 .
Var(W,-_l): l—lf X i+ l—l—, x1=1i-1.

Thus, Wi_; ~ N(0,i —1). Since W; ~ N(,i) = Wiy ~ N(0,i — 1), and since the proposition

clearly holds for the case i = n because Wn ~ N(0, n) is true by stipulation, we have

W; ~ N(0,i), i =0,1,...,n. (A1)

Before proceeding to Proposition 2 we state and prove

Lemma 1. Let0 <i < j < n, and let W, VT/J be constructed from W, by the recursion defined in
(3). Then,
cov(ﬁ/,-, I;Iv/j) = min (i, j) = i. (A2)

~

Proof of Lemma 1. Let 0 < i < j < n. Wheni = j, Proposition 1 tells us that var (W;) = i,i =
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0,1,...,n. Now consider the case i < j. From the recursion relationship in (3) we write

i~ f
Wit +
i+ i+ 1

i Pi+1 ~ N i i+ 1. N i
= X W X Z; — Ziiq,
i+1 i+2 TP I L I B

P il xj_1W44' 1 ial in { }
— B S — ; mear polynomial in z; , Zj ey Zjy,
— 2 ; i poly i+154i+2 J

=
Il

Zi+1,

i~
= — W, + linear polynomial in {z; 1, zi+2, ..., Zj}, (A3)
J

while, by the same recursive expansion

~

W, = linear polynomial in {zj 1, Zj4+2, ..., Zn, Wn} (A4)
From the mutual independence of Zy, Z,, ..., Z,, Wn we infer that the covariance of ﬁ/] with the
linear polynomial term in {z;41, Zi4+2,...,z;} on the RHS of (A3) is zero. Combining (A3) and
(A4) leads to

- . i ~ -
cov(W;, W;) = cov (= W, + linear polynomial in {z; 41, Zi12, ..., 2}, W;) =i,
J

since, from (Al), var (I/T/]) = . |
Proof of Proposition 2.
(1) Setting i = 1 in the recursive definition of I;f/,-_l in (3) leads to Wo = 0.

(i) Let 0 < i < j < n. Since W; ~ N(0,1), W, ~ N(0, j) are mean zero Gaussian random

variables (see Proposition 1), so is W; — W; a mean zero Gaussian random variable. Also

var(W; = W;) =

~

var(W;) + var(W;) — 2cov(W;, W;) = j +i —2min(j,i) = j — 1,

where we have used (A2).
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(iii) Let 0 < i < j < k =< n. Independence of the non-overlapping increments Wy — ﬁ/j and

W, — W, is most easily established by calculating their covariance, which must be zero. Thus

~ ~

cov (Wk - W, W; — Wl) = cov(Wk, I;f/}) — cov(Wk, 1717,) — cov(l;f/j, W]) + cov(ﬁ/j, W,),
=min (k, j) —min(k,i) —min (j, j) + min (j,7),
=0,
where we have repeatedly used (A2). |

Proof of Proposition 3. This is a standard exercise and is worked out in many places. We sketch out
a proof here. Let f(¢) be such that f(¢) is continuous on [0, 00) and f(¢) # 0 almost everywhere.
Then | Ot f2(s)ds is a monotonically increasing function of ¢, so the map ¢ : t — 1 defined below is

invertible

r=m05Afﬂnm (A5)

Now define

o~ l(7) t
mEL ﬂWM=Af®my (A6)

Since 7(0) = 0 from (AS5), we have from (A6)
Wo = 0. (A7)
Further, assuming 7; < 7;, and, thus, ; < ¢;, along with use of (A6),

Wy, — Wy, = / | f(s)di. (A8)

~

so Wy, — Wy, is a mean zero Gaussian random variable (it is the sum of infinitesimal mean zero

Gaussian random variables). The variance of VT/,]. — er. follows from (A8) and the identity in (7)

E [VT/,]. — Wri]z = f,:j f2(s)ds = /Otj f2(s)ds — /Oti fA(s)ds = 7 — 7. (A9)

Next, we can write

t; tj
Wy, = [ f(s)dibs + / [ (s)dibs. (A10)
0 ti
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so that )
cov(Wy, Wy,) = / f*(s)ds = ©; = min (t;, 7;). (Al1)
0

The second term on the RHS of (A10) does not contribute to the covariance since it is independent
of the first term. Note that we have again used the identity (7). Eqn. (A11) suffices to prove that for
ald <1 <71 <11

cov(Wy, — Wy, Wy, — Wy,) = 0. (A12)

~

Thus we have established that the process Wi is (1) 0 at T = 0, (i1) has mean zero marginals
with variance equal to the difference At between the relevant epochs, and (iii) has independent non-
overlapping increments. This establishes that I;f/t(,) is a Wiener process in the transformed time 7.

Finally, f'(¢) = ¢*’ obviously satisfies the technical requirements mentioned earlier, and

t 2kt __ 1
(1) = / sy = & ,
0 2K
so the desired result obtains. ]
Proof of Proposition 4. The proof follows exactly along the lines of Proposition 2. |

Strong Order 1.0 Platen Scheme. Let 0 = 7y < ¢;--- < t, = T be the times at which we wish to

compute X;, given that
dXt :M(I,Xt)dl+0(t,Xt)th, X() = Xo,

and let A; = t;4+1 —t;. The Platen scheme, which is an implicit scheme consistent with It6 calculus,

provides that

1

Xiv1 = Xi + pnti, Xi)Ai + o (ti, Xi) AW, + Ji

[o(t, 13) — o (ti, Xi)] di,

where

[(aw? - ]

1
Y= Xi+ult, Xp))Ai +ot;, Xi) VA, J;i= 3

Details of the Platen scheme and other numerical integration schemes consistent with It6 calculus

may be found in Kloeden (2001).
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